In this paper, Maxwell's equations involving generally nonlinear polarization and fielddependent currents are studied. The main objective is the asymptotic behavior of the solution for t-N if no damping term occurs in the equation governing the polarization field. r 2004 Elsevier Inc. All rights reserved.
Introduction
The paper is concerned with a generally nonlinear system consisting of Maxwell's equations e@ t E ¼ curl H À @ t * P À Jðx; EÞ À j; m@ t H ¼ Àcurl E; ð1:1Þ on R þ Â O coupled with the equation
t P þ ðr P V Þðx; PÞ ¼ gE ð1:2Þ
on R þ Â G: Here OCR 3 denotes the spatial domain and GCO is an open subset. In (1.1) the function * P is the extension of P on R þ Â O defined by zero on the set R þ Â ðO\GÞ: This system, which describes the propagation of electromagnetic waves in a dielectric medium occupying the set G; is supplemented by the initial boundary conditionsñ n4E ¼ 0 onð0; NÞ Â G 1 ;ñ n4H ¼ 0 on ð0; NÞ Â G 2 ;
ð1:3Þ Eð0; xÞ ¼ E 0 ðxÞ; Hð0; xÞ ¼ H 0 ðxÞ ð 1:4Þ and Pð0; xÞ ¼ P 0 ðxÞ; @ t Pð0; xÞ ¼ P 1 ðxÞ on G: ð1:5Þ
Here G 1 C@O is the perfectly conducting part of the boundary and G 2 ¼ def @O\G 1 : The unknown functions are the electric and magnetic field E; H; which depend on the time tX0 and the space-variable xAO; and the dielectric polarization P defined on R þ Â G:
Furthermore, e; mAL N ðR 3 Þ denote the dielectric and magnetic susceptibilities respectively, which are assumed to be positive definite matrix-valued functions. Eq. (1.2) (with or without damping term) is often used as a physically pertinent model for dielectric media if exposed to fields of high frequency, [1, 8, 9, 15] . As in [7] , where the exterior-domain case is studied, V : G Â R 3 -½0; NÞ is the potential energy function providing the restoring force and the coefficient gAL N ðGÞ depending on the space variables takes into account the possibly variable mass, dipole moment and density of the oscillating charged particles. In contrast to [7] there is no damping term in the Eq. (1.2) for the dielectric polarization.
The external current jAL 1 ðð0; NÞ; L 2 ðOÞÞ is a prescribed function, whereas J describes a possibly nonlinear resistor, i.e. an electric current, which may depend nonlinearly on the electric field E as considered in [5, 20] . For example semiconductors show generally nonlinear voltage-current characteristics. The frequently occurring linear case Jðx; yÞ ¼ sðxÞy with some non-negative function sAL N ðOÞ is included. The main topic of this paper in the investigation of the long-time asymptotic behavior of the solutions. For the system (1.1)-(1.5) the energy dissipation law holds. In the autonomous case where j ¼ 0 the energy 1 2
is a non-increasing function of the time t: This dissipation law yields the boundedness of jjðEðtÞ; HðtÞÞjj L 2 ðOÞ and jj@ t PðtÞjj L 2 ðGÞ for t-N; but it does not provide any information about the asymptotic behavior of P and the magnetic field H; since there is no direct damping for these quantities. At least for nonlinear restoring forces rV a major new technical difficulty in comparison with the system considered in [7] is that it is not clear whether jjcurl EðtÞjj L 2 ðOÞ and jjcurl HðtÞjj L 2 ðOÞ remain bounded for t-N if the initial data E 0 ; H 0 are smooth. In [7] such a regularity property yields (local) compactness properties of the field quantities. In Section 3, the spatial domain O may be arbitrary and the conductivity is present only on a certain subset G s CO: It is shown that the electromagnetic field converges for t-N weakly to some asymptotic state which is determined by the prescribed initial data E 0 ; H 0 ; P 0 and the external current j (Theorem 1).
In Section 4, the spatial domain O is bounded and the conductivity is present on all of O: The main goal of Section 4 is the decay of the electromagnetic field with respect to the energy norm for t-N (Theorem 2). Here, the main idea is to introduce a modified energy functional involving a vector potential which provides an additional dissipative term for the magnetic field.
In Section 5, it is shown that the damping caused by the conductivity does not provide an uniform decay rate for the total energy defined in (1.6) due to the presence of the polarization field, even if Jðx; ÁÞ and r P V ðx; ÁÞ are linear, the coefficients are positive constants and the domain is bounded.
The energy decay of solutions of the scalar wave equation with nonlinear damping in bounded domains has been shown in [2, 3] by identifying the weak o-limit set. In [16] decay in the weak topology for the scalar wave equation with non-monotone nonlinear damping is proved. In [21] decay rates are obtained, which depend on the behavior of the damping term for y near zero. Decay estimates for nonlinear damped wave equations, in which the damping term is effective only on a neighborhood of a suitable subset of the boundary, are proved in [10, 17, 22] .
Basic definitions, assumptions and preliminaries
All assumptions stated in this section shall be fulfilled throughout this paper. In this section the spatial domain O may be arbitrary, G which means that at least the set G; on which the polarization is located, is conducting. Furthermore,
The physical meaning of this condition is that the set O\G represents the vacuum region without polarization. Next, let gAL N ðGÞ be a positive function on G; which does not necessarily have a positive lower bound.
Let W E and W H be the spaces related to Maxwell's system with boundary conditions (1.3) introduced in [6, 7] . Roughly speaking W E is defined as the set of all EAL 2 ðOÞ with curl EAL 2 ðOÞ andñ n4E ¼ 0 on G 1 ; see [7] . 
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Furthermore, let F s : X -X be defined by
The assumptions on the initial data E 0 ; H 0 ; P 0 ; P 1 and j are jAL 1 ðð0; NÞ; L 2 ðOÞÞ; w 0 ¼ def ðE 0 ; H 0 ÞAX ; ð2:15Þ P 0 AG and P 1 AG:
Here GCL 2 ðGÞ is the weighted L 2 -space introduced in [7] . Next some auxiliary results concerning problem (1.1)-(1.5) will be given. First, it follows from the contraction mapping principle as in [7] 
with some constant C 1 independent of t; whence (2.19). &
Weak convergence for t-N
This section is concerned with the system (1.1)-(1.2) for arbitrary spatial domains O: In contrast to Section 4 concerning the strong convergence no regularity assumptions on @O and G 1 are required in this section. Now, let N 0 be the set of all aA ker B ¼ W E;0 Â W H;0 with a 1 ðxÞ ¼ 0 for all xAG s ; where G s is as in (2.9).
Let P be the orthogonal projector on N 0 in X : Note that P is of the form This follows directly from Theorem 1, since condition (3.3) in equivalent to 
3) is fulfilled. The physical meaning of this is that the space charge r ¼ def div D determined by the initial-state ðE 0 ; H 0 Þ and the prescribed current j vanishes on the non-conducting region O\G s as t-N:
In the sequel, L q b ðKÞ denotes for a measurable subset KCG s and qA½1; NÞ the weighted L q -space endowed with the norm
where b is as in (2.8) . For the proof the following lemma will be used.
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Lemma 2. Let T40 and KCG s be a bounded measurable subset. Then one has
with p c as in (2.8).
Proof. Let d40 be arbitrary and c d be as in condition (2.8). For sAð0; NÞ let
Then one has by assumptions (2.7) and (2.8)
Eðs; xÞ Á Jðx; Eðs; xÞÞ dx ds:
Here, jKj denotes the Lebesgue measure of K: Since d40 is chosen arbitrarily, the assertion follows from (2.20) . &
In the sequel, let o 0 denote the o-limit-set of ðE; HÞ with respect to the weak topology of X ; i.e. the set of all gAX ; such that there exists a sequence t n ! n-N N with ðEðt n Þ; Hðt n ÞÞ ! n-N g in X weakly. Since ðE; HÞAL N ðð0; NÞ; X Þ by Lemma 1 this set is non-empty. with some C 1 independent of t: On the other hand, (3.7) and (3.14) yield
Letting t-N this yields However, this does not yield any information on the asymptotic behavior of P itself.
In [7] the following theorem can be found, which holds for arbitrary, not necessarily bounded, spatial domains, see also [14] for the scalar wave equation and Maxwell's equations with constant coefficients. As in [7] it will be used for the characterization of the weak o-limit set of the solution of (1.1)-(1.5). Proposition 1. Assume (2.10) and (2.11). Then every gAX with ðexpðtBÞgÞ
This is a generalization of the unique continuation principle for the scalar wave equation in bounded domains, which is used in [2, 3, 16] . Proposition 1 says that each solution fACðR; L 2 ðO; R 6 ÞÞ of the evolution equation @ t f ¼ Bf with the property that f 1 ðt; xÞ ¼ 0 for all tAR and xAG s satisfies fð0ÞA ker B: In contrast to the unique continuation principle for bounded domains it is necessary to require the condition f 1 ðt; xÞ ¼ 0 on G s for all tAR and not only for positive times. Now, it follows immediately from Lemma 3 and Proposition 1 that In particular, expðtBÞg is constant with respect to t on R Â O; which is only possible if gAker B; since B is the generator of fexpðtBÞg tAR :
Recall that P be the orthogonal projector on N 0 in X : 
Strong decay for bounded domains
In this section, it is assumed that OCR 3 is a bounded Lipschitz domain and the conducting medium G s ¼ fxAO : bðxÞ40g occupies the whole domain O: More precisely, it is assumed that p c ¼ 2 and bðxÞXc 2 for all xAO with some c 2 40;
ð4:1Þ
where p c is as in (2.8) . This condition includes the frequently occurring linear case Jðx; yÞ ¼ sðxÞy with some uniformly positive function sAL N ðOÞ: In this section, the boundary @O and its decomposition @O ¼ G 1 ,G 2 satisfy the assumptions stated in [4] or [6] .
The main result of this section is the energy decay of the electromagnetic energy. which is the weak formulation for divðeeÞ ¼ 0 on O and eñ n Á e ¼ 0 on G 2 : By the result in [4] or [6] , a generalization of the results in [12, 19, 18] , the space of all eAW E ; which obey (4.2) is compactly embedded in L 2 ðO; C 3 Þ: Thus, the embedding
More recently, in [13] the above-mentioned compactness result has been generalized to domains, which are not necessarily Lipschitz domains, but only if
Part (ii) can be proved by a standard indirect argument using W E;0 -Y E ¼ f0g and the compact embedding W E -Y E +L 2 ðO; C 3 Þ: Now (iii), is proved. (2.13) yields
and it follows easily from (ii) that this space is closed in L 2 ðOÞ: By the definition W H;0 coincides with the orthogonal complement U > of U with respect to oÁ; Á4 m : Then it follows from (4.4) and (2.16) that
½/R@ t PðsÞ þ ðe À1 jðsÞÞ; GS X þ /ðEðsÞ; HðsÞÞ; BGS X ds
where
that means 
By assumption (4.1) (and the boundedness of This yields the exponential decay of the electromagnetic energy jjðeðtÞ; Q H hðtÞÞjj In the next section, it is shown by an example that there is no uniform energydecay rate in the bounded domain case.
Absence of a uniform decay rate
In this section it is shown that, even in the linear case, there is no decay rate, which is independent of the initial data, for the total energy defined in (1.6) or (2.23). It is assumed in this section that OCR 3 is a bounded spatial domain, and that J : O Â R 3 -R 3 and rV : G Â R 3 -R 3 are linear. Throughout this section, let Jðx; EÞ ¼ E; j ¼ 0; g ¼ e ¼ m ¼ 1 and ðr P V Þðx; yÞ ¼ def y; i.e. we consider the linear problem
coupled with the equation operator A has a purely discrete spectrum, which means that it has a sequence of eigenvalues l n ! n-N N: Let f n ADðAÞCW E be a sequence of nonvanishing eigenfunctions, i.e. curl curl f n ¼ l n f n :
ð5:5Þ
Since F ðzÞ ¼ def ð2 þ zÞ À1 ½ð1 þ zÞ 2 ð2z þ z 2 Þ À ð1 þ zÞð2z þ z 2 Þi À ð1 þ zÞ 2 satisfies jF ðzÞjpM andjF 0 ðzÞjpM for all zAC with jzjp1; where M is a constant independent of zAC; it follows from a contraction-mapping argument that there is a sequence z n AC with jz n jp1 and l À1 n F ðz n Þ ¼ z n ; in particular jz n jpMl À1 n ! n-N 0:
Therefore, a n ¼ def ð1 þ z n Þi satisfies Refa n g ! n-N 0 ð5:6Þ and a 2 n þ a n þ ða Let ðE n ; H n ; P n Þ be defined as in (5.3) with a replaced by a n and f replaced by the eigenfunction f n : By (5.4), (5.5) and (5.7) ðE n ; H n ; P n Þ solves problem (5. which corresponds to condition (4.21). It follows from (5.3) and (5.6) that there is no uniform decay rate for the total energy defined in (2.23) even if the damping by the conductivity is uniform on O: Each mode ðE n ; H n ; P n Þ constructed above decays exponentially for t-N; but the rate is not uniform for n-N: The physical meaning of the slow decay is that the electromagnetic field (causing the damping via the conductivity) induced by the polarization is small for large n: This follows from the rapid oscillation of E 0 with respect to the space variable, since E 0 is an eigenfunction of A to a large eigenvalue l n for large n:
